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111oooÙÙÙ Poisson LLL§§§

�Nõó,y��^ Poisson ©Ù£ã, �þg,.�ÔnL§�^ Poisson L§�x. ~X

· >{oÅ¤�Â��D�gê;

· �Ï6¥��Ï¯�ê;

· /�P¹;

· [�¥/ÚN���, ��.

§�k�Ó�Cza., 
z�Cz�^�m½�mþ���:L«. ·�'%�Å¯��ê8, ¡�OêL§.

↪→ ùaL§kü�5�:

· 3�m½�mþ�þ!5;

· �5�Cz�L��CzÃ'.

↪→ Äuù
5�í�Ñ Poisson L§��..
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1 ý��£

2 Poisson L§�½Â

3 5�m�����m�©Ù

4 5��m�^�©Ù
Poisson L§����Å5
A^

5 EÜ Poisson L§
½Â95�
EÜPoissonL§3�x°�¥�A^
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�ÅS��Õá5

ÄkI�'5lÑ.�ÅS��Õá5.

Ún 4.1.1

� X1,X2, · · · ,Xn ´lÑ�ÅCþS�, e

P(X1 = x1, · · · ,Xn = xn) = p1(x1) · · · pn(xn), ∀x1, · · · , xn.

Ù¥ {pi (x), i ≥ 1} ÷v pi (x) ≥ 0,∑x pi (x) = 1. @o

Xi ∼ pi (x) � X1, · · · ,Xn �pÕá.
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Poisson ©Ù��©5

�©5�±`´�\5�í2.

½n 4.1.1: (�©5)

� N ∼ P(λ), N �¯�Õá/(�Õáu�ê N)

±VÇ pi �1 i �a., i = 1, 2, · · · , n,

Ù¥ p1 + p2 + · · · pn = 1.

P Ni �1 i a¯�u)�gê,

K Ni ∼ P(λpi ) � N1,N2, · · · ,Nn �pÕá.
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y. é?¿�K�ê i1, · · · , in, - k = i1 + · · ·+ in, K

P(N1 = i1, · · · ,Nn = in)

=P(N1 = i1, · · · ,Nn = in|N = k)P(N = k)

=
k !

i1! · · · in!
pi11 · · · pinn · e−λ λk

k !

=e−λp1
(λp1)i1

i1!
· · · e−λpn

(λpn)in

in!
,

�y.
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~ 4.1.1 �Ä�Å:3�m (0, t] Su)�gê, P� {N(t), t ≥ 0},
N(0) = 0. �3 (t0, t0 + t] Sk k ��Å:u)�VÇ�
t0 Ã', �

N(t0 + t)−N(t0) = N(t) ∼ P(λt).

½ÂL§ {X (t), t ≥ 0}

X (t) =

{
1, e�Å:3 (0, t] Su)óêg,
−1, e�Å:3 (0, t] Su)àêg,

¦ {X (t), t ≥ 0} �þ�¼ê.
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). P A L«¯�“�Å:3 (0, t] Su)óêg” t > 0, K

P(A) = P(N(t) = 0) + P(N(t) = 2) + P(N(t) = 4) + · · ·

= e−λt

(
1+

(λt)2

2!
+

(λt)4

4!
+ · · ·

)
= e−λt eλt + e−λt

2
,

u´

P(X (t) = 1) = e−λt eλt + e−λt

2
,

P(X (t) = −1) = e−λt eλt − e−λt

2
,

l

E[X (t)] = e−2λt , t ≥ 0.

]
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�½VÇ�m (Ω,F ,P), k½ÂOêL§(counting process).

½Â 4.2.1: OêL§

(Ω,F ,P) þ�ÅL§ {N(t), t ≥ 0} XJ÷v:
∀ω ∈ Ω, Ù��¼ê

t 7→ N(t) ≡ N(t,ω)

±VÇ 1 ´�����K�ê��, mëY�, üNO¼ê,
K¡ {N(t), t ≥ 0} �OêL§.
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~ 4.2.1 : (OêL§¶¡�d5)
� N(t) �,>{���3 (0, t] S�����\Ogê,
K {N(t), t ≥ 0} ´OêL§.
5¿�
♦ éu 0 ≤ s < t,

N(t)−N(s) � (s, t] ¥u)�>{��gê;

♦ éu t ≥ 0,

∆N(t) := N(t)−N(t−) L«3�� t >{���gê.

]
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Poisson L§

½Â 4.2.2 (Poisson L§)

XJOêL§ {N(t), t ≥ 0} ÷v:

(1) N(0) = 0 a.s.;

(2) N(t) ´ÕáOþL§: é?¿ t, s ≥ 0, N(t + s)−N(s) �
Fs Õá;

(3) N(t) �ÙOþÑl Poisson ©Ù: é?¿ t, s ≥ 0,

P(N(t + s)−N(s) = k) =
(λt)k

k !
e−λt , k = 0, 1, 2, · · · .

K¡ {N(t), t ≥ 0} �äëê λ �(�à) Poisson L§.

Ï~, ¡ λ ´L§��Ç½rÝ.
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5. Dk¯��VÇ~~´ Poisson ©Ù�, �ö�À�

��©Ù�%C.

Tg��g,í2:

��m«m [0,∞) þ�ü: a, b : a < b,

N(b)−N(a) L« (a, b] Su)�¯�ê.
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~ 4.2.2 ����Ç� 4 </��� Poisson ©Ù��,ûA,
®�ûAþÌ 9 :¨m�. ¦� 9:30 �=�� ��, 
�
11:30 �®�5 ���VÇ.

). ±þÌÊ:�� 0 ��, 1 ����ü �m.
^ N(t) L« (0, t] S5����ê, K

{N(t)} ´ λ = 4 � Poisson L§.

¤¦VÇ�

P(N(0.5) = 1,N(2.5) = 5)

]
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�d½Â

·K 4.2.1

�ÅL§ {N(t), t ≥ 0} XJ÷v
(1) 3Ø��«mþ¯�u)�ê8�pÕá;

(2) é?¿ t, h, N(t + h)−N(t) �©Ù�� h k';

(3) �3 λ > 0, ¦�� h→ 0 �,
P(N(t + h)−N(t) = 1) = λh+ o(h);

(4) � h→ 0 �, P(N(t + h)−N(t) ≥ 2) = o(h),

@o {N(t), t ≥ 0} ´ëê� λ � Poisson L§.
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�
{ü5�
� {N(t), t ≥ 0} ´ëê� λ � Poisson L§, @o

1. E[N(t)] = D(N(t)) = λt;

2. Cov(Xs ,Xt) = λ(s ∧ t);

3. é?¿ s > 0,

{N(t + s)−N(s), t ≥ 0} �´ëê� λ � Poisson L§, �

� {N(u), u ≤ s} Õá;

4. é?¿ t > s, n ≥ m,

P(N(t) = n|N(s) = m) = e−λ(t−s) (λ(t − s))n−m

(n−m)!
,

P(N(s) = m|N(t) = n) = Cm
n (

s

t
)m(1− s

t
)n−m.
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� {N(t), t ≥ 0} �ëê� λ � Poisson L§.

½Â2.3: (ü��mS�)

� n ≥ 1, ½Â

Sn := inf{t : N(t) = n}, S0 ≡ 0,

Xn = Sn − Sn−1, Sn =
n

∑
i=1

Xi .

K¡ {Xn, n ≥ 1} ��mm�S�, {Sn, n ≥ 1} ����mS�.
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�*þ, X1 �1��¯��5���,
Xn �1 n− 1 ��1 n �¯��m��m,
Sn �1 n �¯�5���m(½���m), n ≥ 1.

�ö�m�'X:

é?¿ t ≥ 0, n ≥ 0,

{N(t) ≥ n} = {Sn ≤ t},
{N(t) = n} = {Sn ≤ t < Sn+1}

= {Sn ≤ t}\{Sn+1 ≤ t}.
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ü��mS��©Ù

·K 4.3.1 (5��mm��©Ù)

Xn, n ≥ 1 � i.i.d., þ�� 1/λ ��ê©Ù�ÅCþS�.

·K 4.3.2: (���m�©Ù)

Sn ∼ Γ(n,λ), =Ù�Ý¼ê�

0 ≤ t 7→ λe−λt (λt)
n−1

(n− 1)!
.

AO�, X1 ≡ S1 ∼ Exp(λ).
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~ 4.3.1 (~ 4.2.2 �Y)
����Ç�4</��� Poisson ©Ù��,ûA,
®�ûAþÌ9:¨m�.

(1) ¦12 ��310:c���VÇ¶
(2) ¦11 ��39:30c���12 ��310:c���VÇ.
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�mS��A^

step 1. )¤�� i.i.d., þ�� 1/λ ��ê©Ù�ÅCþS�
{Xn, n ≥ 1};

step 2. - Sn = X1 + · · ·+ Xn: 1 n �¯�u)���;

step 3. éu t ≥ 0, ½Â

N(t) :=
{

0, t < S1,
k , Sk ≤ t < Sk+1, k ≥ 1,

K {N(t), t ≥ 0} ´ëê� λ � Poisson L§.
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�'A^K

3. (p 136) ,Õ1kü�I��±�ÉÑÖ, þÌ9:����
ù�Õ1, d�ü�I�©Ok����3�ÉÑÖ, ,	
k2���ü3��c¡���ÉÑÖ, �¬�q5
éõ
��. b�ÑÖ�5K´k5kÑÖ, �Ò´`��k��
I�����É�ÑÖ, @oü3èÎ¥�1����êþ
3dI��ÉÑÖ, b������ÉÑÖ��mÕáÓ©
Ùuþ��20©¨��ê©Ù, ¯: ��310:¨�cU

�ÉÑÖ�VÇ´õ�?
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üèXÚ

~ 3.2.5 (1) ( M/G/1 üèXÚ) XÚ¥���±ëê λ ��.
� X (t) ´ t ��XÚ¥���ê, Z1,Z2, · · · ��g5�
����ÉÑÖ��m, ÕáÓ©Ùu©Ù¼ê G .
b� {X (t)} � {Zn} �pÕá.

5. {X (t), t ≥ 0} Ø´ Markov ó.
(Ï� G ´?¿©Ù, Ø´ÃPÁ�©Ù.)

Ú\ {
Xn : 1 n ���r�3e�<ê, n ≥ 1, X0 = 0,
Yn : 1 n+ 1 ����ÉÑÖÏm5��<ê, n ≥ 0,

K

Xn+1 =

{
Xn − 1+ Yn, Xn > 0,
Yn, Xn = 0.
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M/G/1 üèXÚ

éu j = 0, 1, · · · , 1 n+ 1 ����ÉÑÖÏm5��<ê ∼

P(Yn = j) =
∫ ∞

0
P(Yn = j |Zn+1 = x)P(Zn+1 = x)dx

=
∫ ∞

0
e−λx (λx)

j

j !
dG (x),

¤±

P0j :=P(X2 = j |X1 = 0) = P(Y1 = j)

=
∫ ∞

0
e−λx (λx)

j

j !
dG (x), j = 0, 1, · · · ;
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M/G/1 üèXÚ

éu j ≥ i − 1, i ≥ 1,

Pij :=P(Xn+1 = j |Xn = i) = P(Yn = j − (i − 1))

=
∫ ∞

0
e−λx (λx)j−i+1

(j − i + 1)!
dG (x).

�Ò´`,

{Xn, n ≥ 1} ´=£VÇ� (Pij )i≥0,j≥1 � Markov ó.

]
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~ 4.3.2 ,�Æ)�� A �¿þêÆ�, ykü�\� B Ú C �±
?\ A �¿.
�3�� t(> 0) l B �?\ A �¿�Æ)<ê� N1(t),
l C �?\ A �¿�Æ)<ê� N2(t),

N1(0) = N2(0) = 0.

b� N1 = {N1(t), t ≥ 0}, N2 = {N2(t), t ≥ 0} ´ü�rÝ
©O� 0.5 Ú 1.5 �Õá� Poisson L§. Á¯:

(1) 3���½�n©¨SvkÆ)?\ A �¿�VÇ´õ�?
(2) Æ)�� A �¿��mm��þ�´õ�?
(3) ®���Æ)?\
 A �¿, @o¦(¨)´l C �?\�V
Ç´õ�?

(e¡'5�a^�©Ù.)
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111ooo!!! 555������mmm���^̂̂���©©©ÙÙÙ

kw��{ü�~f.
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~ 4.4.1 3 [0, t) ¥k��¯�u)�^�e, ù�¯�u)��m
X1 ´�þ!©Ù��ÅCþ.

¯¢þ, é s ≤ t,

P(X1 < s |N(t) = 1) =
P(X1 < s,N(t) = 1)

P(N(t) = 1)

=
P(3 [0, s) ¥k��¯�u), 3 [s, t) ¥vk¯�u))

P(N(t) = 1)

=
P(3 [0, s) ¥k��¯�u))P(3 [s, t) ¥vk¯�u))

P(N(t) = 1)

=
λse−λse−λ(t−s)

λte−λt
=

s

t
.

]
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Ún 4.4.1:

� Y1, · · · ,Yn � i.i.d. �ÅCþS�, Ù�Ý¼ê� f , K^SÚ
Oþ (Y(1), · · · ,Y(n)) �éÜ�Ý¼ê�

f (y1, · · · , yn) =

 n!
n

∏
i=1

f (yi ), y1 < · · · < yn,

0, Ù¦.

AO�, e Y1, · · · ,Yn ∼ U(0, t), K

f (y1, · · · , yn) =
{ n!

tn
, 0 < y1 < · · · < yn < t,

0, Ù¦.
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Poisson L§����Å5

½n 4.4.1:

3®� N(t) = n �^�e,
n ����5��� S1, · · · , Sn �
n � [0, t] þþ!©Ù�Õá�ÅCþ�^SÚOþk�Ó©Ù.
=

fS1,··· ,Sn |N(t)=n(s1, · · · , sn) =
n!
tn

, 0 < s1 < · · · < sn ≤ t.
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y. ò [0, t] ©¤ n+ 1 �«m: 0 ≤ t1 < · · · < tn < tn+1 ≤ t,
- hi ¿©�¿÷v ti + hi < ti+1 (i = 1, · · · , n), K

P(Si ∈ [ti , ti + hi ], i = 1, · · · , n|N(t) = n)

=
P(� [ti , ti + hi ] ¥Tk�¯�u)(1 ≤ i ≤ n), 2ÃÙ¦)

P(N(t) = n)

=
λh1e−λh1 · · · λhne−λhn · e−λ(t−h1−···−hn)

(λt)n

n! e−λt

=h1 · · · hn
n!
tn

.

- hi ↓ 0 (∀i), �y.

�Ö¥SK 5(p136).
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~ 4.4.2 b�¦�U�Ç λ � Poisson L§����»�Õ. e»�
3 t ��lm, ¦ (0, t) ¥���¦�o����m�Ú�
²þ

E[
N(t)

∑
i=1

(t − Si )].
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). é?¿ n,

E[
N(t)

∑
i=1

(t − Si )|N(t) = n] = E[
n

∑
i=1

(t − Si )|N(t) = n]

=nt −E[
n

∑
i=1

Si |N(t) = n] = nt −E[
n

∑
i=1

U(i)]

(: U(1),U(2), · · · ,U(n) ´ (0, t) þþ!©Ù�^SÚOþ)

=nt −E[
n

∑
i=1

Ui ] =
nt

2
,

l


E[
N(t)

∑
i=1

(t − Si )] =
t

2
E[N(t)] =

λt2

2
.

]
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~ 4.4.4 ��Ü¤ì«ÉÀÂ, ÀÂ�Ìëê� λ � Poisson L§5
�, 1 i gÀÂE¤�ú Di , N(t) L« [0, t] S�ÀÂgê.
b½ Di , i ≥ 1 ÕáÓ©Ù�� {N(t), t ≥ 0} Õá,
b½ÀÂÚå��ú��m¥�ê/P~, =
e�gÀÂE¤�Ð©�ú� D, �m t ��E¤��ú�

De−αt , α > 0.

2b½�ú´�\�, K3 t ����ú�L«�

D(t) :=
N(t)

∑
i=1

Die−α(t−Si ),

Ù¥ Si L«1 i gÀÂ5����. ¦ÙÏ".
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e¡2�Ä Poisson L§�©6.

·K 4.4.1:

���UrÝ λ � Poisson L§��.
Ni (t) � [0, t] ¥���1 i a��ê, i = 1, 2.
b½�� s ���ö�Ù¦���Õá. -

p(s) := P(s����ö�1 1 a),

1− p(s) := P(s����ö�1 2 a),

K [0, t] S��ö�1 1 a�VÇ p =
1

t

∫ t

0
p(s)ds, �

N1(t) ∼ P(λtp), N2(t) ∼ P(λt(1− p)) : �pÕá.
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M/G/∞ üèXÚ

~ 4.4.3 (M/G/∞ üè¯K) b���U�Ç� λ � Poisson L§�
���kÃ¡õ^ÑÖ��ÑÖÕ, ����á��Õá/
JøÑÖ, ÑÖ�mäk�Ó�©Ù¼ê G . y'53 t �
�ÑÖ�.���êÚE3�ÉÑÖ���ê�éÜ©Ù.

¢Sþ, �ò [0, t] ¥?\XÚ���©¤ü«a.:

(I .) � t ��®²ÑÖ�. (oêP� N1(t));

(II .) � t ����ÑÖ�. (oêP� N2(t)).
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M/G/∞ üèXÚ
@o, s(≤ t) ��?\XÚ���´ I.�VÇ

p(s) = G (t − s), s ≤ t.

l
dþã·K, {N1(t), t ≥ 0} ´þ��

E[N1(t)] = λ
∫ t

0
G (t − s)ds = λ

∫ t

0
G (s)ds

� Poisson ©Ù�ÅCþ. aq�, N2(t) ´þ��

E[N2(t)] = λ
∫ t

0
G (s)ds

� Poisson ©Ù�ÅCþ. ¿� N1(t) � N2(t) ´Õá�. ]
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'u���m�kXe(J.

½n 4.4.2:

éu?¿ [0,∞) þ��È¼ê f , k

E[
∞

∑
n=1

f (Sn)] = λ
∫ ∞

0
f (t)dt.
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~ 4.4.4 (,)) �
f (s) = 1[0,t](s) · e−α(t−s),

K

D(t) =
N(t)

∑
i=1

Die−α(t−Si ) = ∑
i≥1

1{Si≤t} ·Die−α(t−Si ) = ∑
i≥1

Di f (Si ),

@o

ED(t) = ∑
i≥1

E[Di f (Si )] = E[D ]E[∑
i≥1

f (Si )]

= E[D ]λ
∫ ∞

0
f (s)ds = E[D ]λ

∫ t

0
e−α(t−s)ds

=
λE[D ]

α
(1− e−αt).

]
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111888!!! EEEÜÜÜ Poisson LLL§§§

- Y1,Y2, · · · � i.i.d. u©Ù¼ê F ��ÅS�, �

�ëê� λ �Poisson �ÅCþ N Õá,

¡�ÅCþ W :=
N

∑
i=1

Yi ´EÜ Poisson �ÅCþ.
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EÜ Poisson L§�½Â

½Â 4.6.1

é?¿ t ≥ 0, ½Â

X (t) =
N(t)

∑
i=1

Yi .

Ù¥, Y1,Y2, · · · � i.i.d. �ÅS�, ��ëê� λ � Poisson L
§ {N(t), t ≥ 0} Õá, K¡�ÅL§

X = {X (t), t ≥ 0} ´EÜ Poisson L§.
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�
5�:

1 X (t) �Ý1¼ê

φt(u) ≡ E[euX (t)] = exp{λt(φY (u)− 1)}.

Ù¥, φY (u) = E [euY ].
2 O�þ�¼ê���¼êXe,

E[X (t)] = φ′t(0) = λt ·EY ,

D(X (t)) = φ′′t (0)− (φ′t(0))
2 = λt ·EY 2.
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~ 4.6.1 ��Å|�¦�± Poisson L§��, ����Åê²þz
�� 5 e, �Å�k A!B!C n«a., U«1�¦�ê
©O� 180<!145<!80<.
b�ùn«�ÅÑy�VÇ�Ó, ¦3n��S��Å|�
�õ¦�ê�êÆÏ".
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). ^ Yi L«1 i e�Å�¦�ê, X (t) L« t ������
Å|�¦�ê, K

X (t) =
N(t)

∑
i=1

Yi .

l


E[Yi ] =
1

3
(180+ 145+ 80) = 135, ∀i ,

E[X (3)] = λ · 3E[Yi ] = 5× 3× 135 = 2025.

]
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½n 4.6.1:

EÜ Poisson L§ X (t) =
N(t)

∑
i=1

Yi k²­ÕáOþ.
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y. é?¿ t > s ≥ 0, u ∈ R, Ó�- φY (u) := E[euY1 ],

E[eu(X (t)−X (s)] = E[exp{u
N(t)

∑
k=N(s)+1

Yk}]

=E[E[exp{u
N(t)

∑
k=N(s)+1

Yk}|N(s),N(t)]]

=E[φY (u)
N(t)−N(s)] = E[φY (u)

N(t−s)]

�´ t − s �¼ê, ¤±´²­OþL§.
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(Y) ,	é ∀tn > tn−1 > · · · > t1 > t0 ≥ 0, u1, · · · , un ∈ R,

E[exp{
n

∑
j=1

uj (X (tj )− X (tj−1))}] = E[
n

∏
j=1

exp{uj
N(tj )

∑
k=N(tj−1)+1

Yk}]

=E[E[
n

∏
j=1

exp{uj
N(tj )

∑
k=N(tj−1)+1

Yk}|N(t0),N(t1), · · · ,N(tn)]]

=E[
n

∏
j=1

φY (uj )
N(tj )−N(tj−1)] =

n

∏
j=1

E[φY (uj )
N(tj )−N(tj−1)]

=
n

∏
j=1

E[exp{uj (X (tj )− X (tj−1))}],

� X (t1)−X (t0), · · · ,X (tn)−X (tn−1) �pÕá, �y.
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~ 4.6.2 ,"�3$1¥¬É�EÂ, P3 (0, t] SÉ��EÂgê
� N(t), � {N(t)} ´ëê� λ � Poisson L§.
�gEÂ�5���þ©O� ξ1, ξ2, · · · , b�§�´Õá
ÓÑlëê� β ��ê©Ù, �� N(t) Õá.
XJ��þ�u�u α(> 0) K��"�.
O�"��²þÆ·.
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). b�d"��Æ·´ η, - X (t) =
N(t)

∑
k=1

ξk , K

η = inf{t > 0 : X (t) ≥ α}.

Eη =
∫ ∞

0
P(η > t)dt =

∫ ∞

0
P(X (t) < α)dt,




P(X (t) < α) = ∑
n

P(N(t) = n)P(X (t) < α|N(t) = n)

=∑
n

P(N(t) = n)P(
n

∑
k=1

ξk < α|N(t) = n)

=∑
n

P(N(t) = n)P(
n

∑
k=1

ξk < α) (∵ {ξk} � {N(t)} Õá).
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- M(t) := sup{n ≥ 0 : ∑n
k=1 ξk ≤ t}, K {M(t)} ´ëê� β �

Poisson L§,

P(
n

∑
k=1

ξk < α) = P(M(α) ≥ n).

¤±

Eη =
∫ ∞

0
P(X (t) < α)dt

=
∫ ∞

0

∞

∑
n=0

e−λt (λt)
n

n!
P(M(α) ≥ n)dt

=
∞

∑
n=0

∫ ∞

0
e−λt (λt)

n

n!
P(M(α) ≥ n)dt.
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Ï� ∫ ∞

0
e−λt (λt)

n

n!
dt =

1

λn!

∫ ∞

0
e−uundu =

1

λ
,


 M(α) ´�K�ê��ÅCþ, ¤±

E[M(α)] =
∞

∑
n=0

P(M(α) > n) =
∞

∑
n=1

P(M(α) ≥ n),

Eη =
1

λ

∞

∑
n=0

P(M(α) ≥ n) =
1

λ
(1+ E[M(α)])

=
1

λ
(1+ αβ).

]
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þ~�Y)Û

E[η] =
1

λ
(1+ αβ),

Ù¥ëê�¹ÂXe:

(1) λ ´²þEÂgê.
λ ��EÂgê�õ, "�É��î­, ¦^Æ·�á.

(2) β ´zgEÂ�²þ��þ��ê.
β ��, zgEÂ�²þ��þ��, ¤±Æ·��.

(3) α ´�O�#N"�É��þ�.
α ��, Æ·��.
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Lundberg-Cramer ²;»��.

b��xúi3�� t �J{�L«�µ

U(t) = u + ct −
N(t)

∑
k=1

Xk , t ≥ 0

Ù¥, U(0) = u L«�xúi�Ð©J{, c ��xúiü �
m�Â��x¤Ç, �Ñ|E, K

��� t ��u)�¢�¤� ct.

b�\È¢�7� S(t) :=
N(t)

∑
k=1

Xk ´EÜPoissonL§, =�

Lundberg-Cramer ²;»��..
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~K. �xn�U�Ç λ � Poisson L§��. ��<n�7�Õ
áÓ©Ù(�Õáud Poisson L§), äkþ�� µ �©Ù
G . ± Si Ú Ci ©OL«1 i gn���mÚ7�. K� t
��on��ò�d��

D(t) =
N(t)

∑
i=1

e−αSiCi ,

ùp α ≥ 0 �ò�Ç§N(t) �� t ���n�gê.
O� E(D(t)).

(aqu~ 4.4.4.)

School of Mathematics, SHUFE 1oÙ Poisson L§



ý��£
Poisson L§�½Â

5�m�����m�©Ù
5��m�^�©Ù
EÜ Poisson L§

½Â95�
EÜPoissonL§3�x°�¥�A^

). é?¿��ê n,

E[D(t)|N(t) = n] = E[
N(t)

∑
i=1

e−αSiCi |N(t) = n]

=
n

∑
i=1

E[e−αSiCi |N(t) = n]

= ∑
i=1

E[Ci |N(t) = n]E[e−αSi |N(t) = n]

=E[G ]E[
n

∑
i=1

e−αSi |N(t) = n]

School of Mathematics, SHUFE 1oÙ Poisson L§



ý��£
Poisson L§�½Â

5�m�����m�©Ù
5��m�^�©Ù
EÜ Poisson L§

½Â95�
EÜPoissonL§3�x°�¥�A^

- Ui , i = 1 · · · n ´ÕáÓ©Ù� [0, t] þ!�ÅCþ§@o

E[
n

∑
i=1

e−αSi |N(t) = n] = E[
n

∑
i=1

e−αUi ]

=
n

t

∫ t

0
e−αxdx =

n

αt
(1− e−αt).

Ïd

E[D(t)|N(t)] =
N(t)

αt
(1− e−αt)E[G ],

�Ï"�

E[D(t)] =
λE[G ]

α
(1− e−αt).

]
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